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So we can check local conflu

terminating RWS algorithmically.

(Reduction ordering)
A well-ordering on A*

shortlex orderings: choose 2 total orderin
length and then lexicographically.

For example, if A = {a, b, c} with ordering b < ¢ < a, then

l1<b<c<a<bb<bc<ba<ch<ce<ca<ab < ac < aa< bbb < %

g on A, and order A* first by
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ction ordering such that v - w

for all rules v —s w.

Consider all possible critical Pairs rs — wy and st — ws, and:

® rewrite wit = w! and rw», — wh with w!
1 1 2 2 1

and w3 irreducible,
® if wi # wj, then

® add to R the rule wy — wy if wy > w, “
® or add to R the rule w} — w! if w > wy. \
Similarly for critical pairs rst — wy and s —» W
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The Knuth-Bendix
with groups.

(i) f w =% 1 then w —c 1.

(i) Conv.ersely, if w =¢ 1 then, if we run Knuth-Bendix for long enough
we will eventually have w =l :

We turn now to another approach to solving the word problem, which
works in many classes of infinite groups.

A finite state automaton (fsa) is a simple computing machine M which
takes as input strings in a fixed finite alphabet A.

The machine is always in one of a finite set ¥ of states, one of which is
designated as the start state.

The letters in the string are read successively by M. If it is in state s and

reads the letter 3, then it changes into the state 7(s, a), where
7 :2 X A— X is a function known as the transition function for M.

Some of the states are designated as accepting (or final). If M is in an
accepting state after reading the string w, then it outputs the answer yes
and is said to accept w. Otherwise it outputs the answer no, and rejects

w. These are the only two possible outputs.

LLA) + auedbr oot b M




In this example A = {3,271 p, bt ¥
is 1, the accepting states are {12 3.4

= {1,2,3,4,5,0}, the start state

5}, and the transition function T is
given by the table below.
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The accepted language L(M) is the set of reduced words in A*,

v i 83 e (I bmiiimmeites ab A maiele )

If G = (X|R) is a finitel
with input alphabet A j
least one word in A* fo

Y presented group, and A — x|, X1
s called 3 word-acceptor for G
r each group element.

. then a fsa
if it accepts at

It is called a unique word-acceptor for G if it accepts a unique word for
each group element.

The above example is a unique word acceptor for the free group F({a, b}).
It is not difficult to construct a unique w

ord acceptor for a group for which
we have a finite complete rewriting system.
One of the standard operations that one can perform on an fsa M is to
enumerate its language L(M) (usually up to a given word-length). In
particular, we can enumerate the elements of a finitely presented group
have a unique word-acceptor.

It is also straightforward to determine |L(M)| (which may be infinite) and
hence, if we have a unique word acceptor for G, then we can calculate |G]|.




Automatic groups

The definition of the

following the appearance of a paper by J
Bill Thurston noticed that some of the p
be reformulated in terms

class of automatic

Broups eyolye
im Cannon on

d in the mid-1980's
hyperbolic groups.

A*, we append $'s to the shorter of the two
words, to make their lengths equal.

~Mleeni binle {(Unisarsite of Woareick)

Groups in the following clss

Ses are automatic

* Hyperhaolic groups, including free groups
* Virtually abelian groups

® Geometrically finite hyperbolic groups [Neumann & Shapire, 95|
. F.’n:;h!fan,g;]-?d Artin groups, Artin groups of large type

Coxeter groups [Brink & Howlett, 93]

o
® Garside groups, including braid groups [Charney & Meier, 04]

Direct and free products of automatic groups
Subgroups and supergroups of finite index in automatic groups

NOT polycyclic groups that are not virtually abelian

/-"\/l%pww« = Mur adh



Definition
G is automatic if there exists an fsa W and a constant K such that: 4

(i) W has input alphabet A, an

disa (unique) word acceptor for G: f
(i) if w,v e L(W) with w1y e A {1}, then w and v (synchronously)
K-fellow travel in the Cayley graph r :— MNG.A) of G.
That is, dr(w(i), v(i)) < K for all i > 0.
The finite collection of group elements w(j)1

Wa =c¢ v with a € AU {1} are called the wor
relations.

v(i) arising from relations
d-differences of these

e QUi

word
difference <1
length < K

\d
—~—o— o

Input: A finite Presentation of

a group G:
Output: The automata in a sh

ortlex automatic Structure for G or fail.
Step 1 Run the Knuth-Bendix
until the set D of word-diffe
appears to have stabilized.

Procedure (with shortlex ordering) on G

rences arising from all rewrite rules v — w

Then construct fsa Wp over A’ x A’ with state set D, start and accept

b ] g
state 1, and transitions u (8—2 v with u,v € D and a. b € A’ with

a lub=¢v.

reevie SULUCTUTES

Input: A finite Presentation of a group G:
Output: The automata in a shortlex automati

Step 1 Run the Knuth-Bendi

until the set D of 3| word-
appears to have stabilized.

€ structure for G or fail.

X procedure (with shortlex ordering) on G

differences arising from all rewrite rules v — w

Then construct fsa Wp over A’ x A’ with state set D, start and accept
o> a,b)
state 1, and transitions u b

*vwith uuve Dand a be A with
a tub =, v
Step 2 Construct W and M, as the fsa with

L(W) = {w € A* : Av € A* with (w,v)" € L(Wp) and v < w).

L(M:) = {(w.v)", w,ve A" :w,v e (W), (w,v)' ¢ L(Wp), wa =g v}.




Step 3 Check the condition

iVw € L(W) : Qv € L(W) with (w, V) € L(M,;)} = L(W)

for all a € AU {1}. If it fails then enlarge the set D and repeat Step 2.

%"‘__LL]" Ve/i{/vl Coe i 1r b‘ CAMlqwi‘/J
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Mot U, sikity grp addafins,

Applications of automatic groups software

Once the shortlex automatic structure has been computed we can use it
determine whether the group is finite or infinite:

reduce words quickly (quadratic time) to a word in L(W),
and hence solve the word problem in quadratic time;

enumerate normal form words up to a specified length.

calculate the growth series of G = (X) as a rational function:

> >0 €nX", where ¢, is number of group elements with shortest
representatives in A* of length (at most) n.
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We have had significant success in resolving some difficult finiteness
problems. For example the Heineken group

(%, ¥,z | [x,[x,¥]] = z, [y, Iv.z]] = x, [z,[z,x]] = y).

is infinite (and even hyperbolic),

) = (x,y | x£. y™, (xy)
such as (¢, m, mp)=(3,4,13: 2) and (

35,7 2).
Enumerating words has had applicatio

<3.b.C.d.e.f,c?4:b4:C4:d4:ea:f4
aba='e = pch1f — cdc™'a = ded—1p — efe”lc = faf 14 — 1),

which is the Symmetry group of the tesselation in the picture.

Figure: A tessellation of hyperbolic 3-space by dodecahedra




Other recent work

problems in finitely
proved, but many of these do not |ead to
orithms, typically because they involve

€normous consta nts.

For example, the conjugacy problem in hyperbolic groups is known to be
solvable in linear time in hyperbolc groups. A version of this has been

implemented (by Joe Marshall) that works reasonably quickly for elements
of infinite order.

GWRP) is to test membership of a given

The generalized word problem (
roup (Y) < G (with Y finite).

element g € G in a specified subg

A generalization of the theory of automatic groups to the cosets of a
subgroup enables practical algorthms to solve this in some cases.




