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Presentations of subgroups: theory

Recall: G = (X | R), and G = F/N where F = F(X) and N = ((R)).

Let H=E/N < G and let T C F be a right transversal of E in F that
maps onto the right transversal T of H in G-

F = U Et andthus G = UTHt
t

teT

We assume 1 € 7. For w € F, define w :=t € T with w € Et.
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Example (The symmetric group S, (ctd))

We calculate the relators p(twt—1) of H by scanning the cosets of H in G
under the relators of G using the modified coset table

L IyT Iy Iy T» E
|1 2] [4] [e3[ [ecl |
L lx]  Tel [l = T
1 ' al a2 | '1 a3 | | acl
3 | ba bes | | beb5 | || (be)?2 |
4 || | d2 da | | d%2 | T d24

H<=(a,b,c,d,e| ad, bd, ec, ac, (be)?, d?)

We can now perform Tietze transformations on this presentation and use
the relators bd, ec, ac to eliminate d — b=', e=c! c=a!, to give
the presentation
H = (a, b | a°,(ba)?, b?,)

which is a standard presentation of the dihedral group of order 6 (and also

of the symmetric group S3).
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Small cancellation
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Definition (Condition T(q)
We say that (X | R) is T'(q), if the following holds:

® Llet 3< h< qgand (s 4 - ump) € R" with no successive elements
i, fi+1 Or rp, rp an inverse pair. Then at least one of the products ‘
rir,rmra,.... rpr is reduced without cancellation. |

- o

I'(g) says that all vertices in any reduced van Kampen diagram for the

presentation have valency at least q.
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Rewrite systems

Rewrite systems arise in a wide variety of situations, such as text editing
o

and formal language theory as well as group theory!

Definition (Rewrite system)

Let A be a finite set, known as the alphabet. A rewrite system (RWS)

R over A is a set of rules u — v with u.v € A"

"‘We apply a rule u — v in R to a word w € A" by replacing an occurrence

‘,egif_,'-;u as a subword of w by v. We then write w —R w' (or usually just
w — w') where w' is the result of the replacement.

|
‘In other words, we write svt — swt for all s.t € A*.

We write w = w' if either w = w’, or w' results from w by a sequence

- b B = l . ™ . o
of applications of rewrite rules from R. That is: w = w' or thereis a finite

tuple (wyi.wa. . .-, wy ) of words with

/
Wo—s Wy — Wa —> s —F Wi W

e ———————————
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Consider the word w — a*b%abcd—1cd 2% in the example above. Then
a_lb—labc—l'd—lcd € R = abc™ldlcda—1p-1 eR
so there is a rewrite rule abc—1d—1, — ba—1d-1,
Applying this to w gives
w = a>b%abcdtcd5a% —5 PEOpald—14—54 _ S dT3%
Now b7, d=7, a7 € R yield rewrite rules b —s b3, d* —d2 ot o
and applying these to w, followed by applications of b~'b — 1, etc, gives:

7 ~ 3 ;-3 4 T . .=
abfd "3 =5 2Bp3p3d3d 3 5 7 5 3733 41

so w =¢ 1.
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The following conditions are equivalent for groups G — (X) with X finite.

® There is a set of relators R C A* such that G — (X | R) and the
Dehn algorithm of this presentation solves the word problem for G:

® The Dehn function of G (w.r.t any set of defining relators) is linear:

® Geodesic triangles in the Cayley graph I'(G. A) of G are uniformly

slim (or uniformly thin);

® various other conditions.
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