
 

Ping Pong Lemma

PingPeng Lemme

Let G grp acting on X het A B E G

net H A IB

If I non empty Xi E X E 42

St X z Xe and

III II
Hae A1913

V be Bill

Then H E A B

Free Products

Suppose AB apps given by
A CX IR

Be 4 Is

Then A B L Xu Y l Ros

In particular A B EN XY basis R 5 9
Then A B Fz free on two gems



Them A
grp F is free w basis X

s F acts freely on a tree

T graph Cstarted ul graph

homotopy type T wedge of circle

by squashing
maximal tree

Llc generators c edges outside
max tree

tells you stuff like

rankCH t Gilt T rct l

wedges of circles basis X

Build the tree

M Cay Fix Prove that T free

rn n sphere around 1

reduced words iv F of Len n

XIE Xn Xi C X

where Xi Xian Ei Eire

in T the word is represented by
a geodesic from 1 of lean

FEI xin

c Tnt



Yn
A Tn Tn inverse system

Tn ten

Pointed trees 2 5 Inverse System
vertex UGn Gm Un

edges CpUnCp Serre's trees

Free product of
A B

what do reduced words look like

Pick non trivial elements
of AaB

and then concatenate ces ein

free grp

we w w w E At B
11
Wwi e id of A AB

w Xyw
WZ w w w e AAB

Xcy Z c A

OR XY ZEB

Reduced words are all conjugate or

can be inverted to the
following

al bi Azbz Arabic



Pf of Ping Pong

H carb I A B

To show that a reduced word from
A B is non trio in G

by using
action on X

W al bi Arbbi A CAB

wXz E Albi arbk X1

E Xe

Ai I ble a c A 1913

bit 1

i

Since Fp EXzlX that w takes

to a differentiated pet of X

w 41 in G

i was only one type of word

others

b a braz bR

Conjugate
bi Albzb2 brah l

but ay bi X



when you conjugate you
want

XAR I F id

Xan l e A

so if you waits out details

get 1A 173

IB l 32 so Not id

example
G SL CQ Q

M II Iz l 7 2

Mz EQ

exer c CMiMa E Fz

Sanor J f o

Mz JMiJ

Reduced words in Nh Nz are non zero

in SLC2 Q whoa can look at

reduced words in Me J

Me J I Me J

Indeed X Cl u 3 by

Ebd 1 aZtb_
Cz t d

Xe ZEX I 1214 I

Xz 2 EX I 121713



Cheech Min X C Xz

JXz C Xi

PingPeng for cydi grp.se
Let G act on a set X

het Xcy generate infinite cyclic subgrpg

F disjoint non empty subsets of X

IX CX lat E A

y CX B e Bt

y ca Bt e B

Then Lay E Fz

exe rc Deduce this

Grp G acting
on a tree T

tact elements order act

by translation on bi infinite

geodesic

1h



geodesics

hint the 4 sections are At ATBT B

to
play PingPong

exerci g
be hyperbolic ly la trans axis

disjoint


