







































































































Small Cancellation

What it's good for
1 Construct fog grps

which has exceptional

properties
ex a simple grps

grps where every element

has finite order

non cyclic grps
where

every
proper subgrp is cyclic

Infinite grps where
any

two non trivial clouts are

conjugates

Fg grps whose Cayley graph
contain expander graphs

27 Structure theory for negative
curvature

ex oGromov hyperbolic leg fundamental

grps of
closed manifolds for at

negative sectional curvature
I

oops non ab free subgrps
uncountably many quotients










































































































myque
Cun salvability decision

problems

Plan

1 Classical small cancellation theory
Construction of grps
combinatorial npc

finite planargraphs

2 Graphical small cancellation Csic

constructing Cayleygraphs containing
prescribed subgraphs

3 Connections to hyperbalicity










































































































I Classical SCT

ex 1 An infinite fg grp
WI non trivial

finite quotients

let G a b I ri pl rz Pc 7

St rn a
iUnCan.bh1ieahLbnp

b13diewordwlgensaYbh.U

E Sahib CFlails

Pn b w nCahb

for some words Wn On

Claim Er has no non trivial finitequot

PI het it G F be a surjective horn

IF I too

Denote Nie IFI

We know f EF f I

we have

a a IT vn
h

A OnCaub 1 1

y
fix n N

aCUNCawbw
I










































































































iLb FlownCanb

IT LWNCan b

I

a G 913 F

Problem Is G D Don't know

if we didnt just construct
trivial

grp

Use SCT Cts

Notation if The FCS is a set of

cyclically reduced words
to is reduced if all of its

cyclicshifts are reduced

e.g aabboa I no a ab x

het IT be true set of all cyclic shifts
af elunts af ROR

t

then i Rss TESS

because conjeShift










































































































We
say

that This e if
no two elurts of ROR t are

cyclic shifts of one another
C ie if you leave WER

then no conj of W is in R

Def Small cancellation condition

het SIR be a pres

A piece is a word of UEFCS
St F r r in R St

two
q

r UV
equality of words

different r Uu

ways net in c IN Then SIR

Satisfies the Ccu condition

I tf R is concise

every reR
is cyclically

reduced

no ne th is a product

of fewer than n pieces
d strictly

ends i 1 carb c d I a bat b Cd c d S

dy EF
et ta
d zFb










































































































P a

R i.a.ba b cdc id
l

d E Xbx
c Ha

a
As

a b a Idc d c b

d E Xb
ct Oda
dX b

a is a piece
but ab is to

a piece
No word of Len se

Also CC8 is satisfied










































































































idea of
get CayCGhave relator

FIEF
piece

cancellation is
big

if pieces cue small

2 carb tan bm

an only chart in E starting at a

No
piece startingWI

a

bm w

u n
u

No non empty piece
this satisfies every Ccp
condition C

pieces are

infinitelysmall
































































3 Laib 1Canton n ns k few
k fixed

etc all pieces have the form
ambe or bmal or

inverses c Subwords

no satisfies CCR condition

Pt easy
to write down presentations

which satisfy Carl

Thin Suppose G is given by a

CCG condition SIR

Let U be a proper
non empty subword

of some re II Then U 41 in Gr

Er If 7 re R St Iris 2 then CA

G is non trivial

Backtone xt Suppose
aib Irn pn

ne IN is CCG

and win run non empty

Since Gi is its owe non trivial

quot G is infinite
we know that G es non trivial b c
it has relations that are longer



it has relations that are longe
than 2 assumingGreisCCG bychoosing

Un Wh 1 G doesn'thave
finite non Lvivquotient slat D

Rts Can promote G tee air

unfinite fg simple grp via

hemin het G be a fg infinite grp
Then G contain a maximal court E

proper
normal subgrp N

Moreover GIN is simple

Thus the quotient of G by its max

proper subgrp is non trivial simple

Because it's non trivial Hls
infinite

GIN so replacedbyGIN

Def net
s be a set An Slalieledgra.ph

as a graph T together
w

a choice

of each edge of
g

an ehme af S

an orientation

If p is a path their Pcp is the

word read on
p



I Pcp St re l

P

ee het it FCS G be an epinearphism
Then CayCG s is the S labelled

graph wl vertex set G and for
geG i SES draw edge

Fagots
g

ee carb 1 aba lb I 7

i i

tatg

Van Kampen diag
i

glue
relators together cowheet

FEDE t



Def het s set An S

labelectrankampendiagram
D is a finite

connected S labelled graph w

a chosen embedding in R2

a chosen path 2D traversing
the boundary of D once

called boundarypath

A bounded
region of

D is called a

fate

A positive Creep negative bound
ary

peth of
a face it is a path

traversing
the
boundary of it

w

po Crespi negative orientation

Clakkwise T
ow counter Cw

A boundary word of it is a word

that can be read as one of the

boundary paths oft

het SIR be a presentation

Eva upenIag.o wee CARS

is an S labelled diag where every
face is a bounded word in R



i

The label of 3D is

w AR b a b b ab a b a
3 b l

Note every word has a UK diag

We say 2D is reduced if
there does NOT exist an edge E

in D in the intersection of faces
Is Iz St Tae has a pos bound path

pot starting w e Tz has neg boundpath

starting WI e set the labels of
P1 pz are equal in FCS

t EEt mt



Them Evan Kampen's lemma

het SIR be a
pres of G and WEFCS

Then w 1 in G there exists a

reduced van Kampen diag D over

SIR WI boundary word
w

Sketch pf i Suppose we 1 in G

Then we CR S g de F se heER

C e C R E 9 1 13 s g gk EFG
St

W Fos
T giro i

i

t

w

r i

I
y

If y is reduced then w w b c

we FCS set of red words in S



If w wot reduced then there are

two conseq edges p
or in the boundary
of DT

Foldawayedges to straiten
the r s

Tsp

Fold away such edges
to shorten the

boundary Keep going
until

reduced

To make ukdiag
reduced

hemove
intersect



For the converse if D is Uk over SIR

WI bound word W then w
21

btc

cut
up into lollipop diag w freely

equal boundary word W

w is in pus

So IS Wu



Exercises

i Laib 1Canton n ns k few
k fixed

etc all pieces have the form
am be or bmal or

inverses subwords satisfies Clk

relations
of the form Cantor look

like this

Ti

K

K o K

pieces are

Sc a cc
am form



this

Isnt
1 iteration

III
ambmtom

mm
t

5
ambe

form

cetris just depends on the
cyclic

permutation of the relations
Cie start pts



1

Why is it CR

het me IN Then SIR

satisfies the Ccu condition

tf R is concise

every reR
is cyclically

reduced

no ne th is a product

of fewer than h pieces
1L strictly

if n k then we have k

loops and at least 1

piece
in each loop

so no relation can use

less than K
pieces

CCK satisfied D


