











































































































Finitely Presented Groups

to Basics on presentations
main problem

2 Subgroups quotient

3 Solving the word problem

lopresentatoirst.IBasies

X finite set of generators

I X ox 1

It Set of finite words in Tx

includes E the empty words

Re finite set of relations

Define as the finest equivalencerelation on x with

re xx to Uu fun c I Exert

Uru UV V re R

set G X In is a group
with

concatenation as
product














































































































We call Gr the fenitely presented
group with generator X and
relations R

G Xl RS

There is a valetral way to weep

X G w is ut

examp ees

Clem's cyclic group of
ander k

c I 07 Eko

A IB I AB A B 7 I 742

FIB BeA
dihedral

CP Q l th Q2 QR I D'z
mP

S T I S3 IT
2 E PSL z Df

lol

trying
C B I L O l Bl LL

01 L
to spell BILBO
Bilbao BOLL
but you 0L L

can't repeat LLB
letters 7 tired

cafter enough words














































































































ThmCDyckl8
het Gr XLR Let it be any groupand f X tf

Set fCx
t f Cx l

tha fCxz f xn It 1

whenever

Xt i Xa i Xu C R

then there is a
unique group

hour

I G H

St FCx fCx Fx ex

This means whenever a
grim

tl
can be generated by X and fulfills the

relatives R It is a quotient of
G XLR universal groupon

ex A B I 7 free groups on 2
gens

all 2
gem groups are quotients

ex Lcl Ck the quotients are

cyclic groups of
arelees

dividing
k














































































































I 2 Three fundamental problems

CbyD

Fo G XLR a d w c

decide whether

by ALGORITHM
5 61 word problem

For G XLR and u w c It
decide of eterne is a word

u c It set

conjugacyw WVU problem

For a X IR and
H Y IS

isomorphism
decide if G E H problem

or even decide if Eris trivial

In general these problems are hard

GAP demo Set a a seed kit's
Ask order Cor I

took 88 to figure
out

order of firstgear

we will see what GAP istryingto do














































































































Thin Markov Post 19247
Novikwnas

There is a finite presentation
XLR for which there is

no algorithm to solve the word prob

Proof Sketch

There is a outset s
of XT that

has the remarkable propertythat T tricky go back to
math foundations

There is a
Turing

Maeleine LTM
tweet heelts on S

There is yo TM tweet halts
on Se

The formal To
every

Ttl associate a semi group
language approximating it
af TM's
Canalogous to

regularbang Take It to be the Ttl that bolts

of finitestate on S we get a semigroup G
automata

Se L

W E Xt I 1 halts on w 3 5
ill

we Ea I ut a 13

So there is an algorithm that

stops on words that are trivial in Er

The problem is that there is no_

algorithm ITM that stops on

non trivial elements
















































Relied There are of course particular
classes of groups for which
we coin solve the ward pub
ex abelian grips polycyclicgross

We will look at acne
procedures that

may
Uruk

T Not algorithmA procedure
is not bound
to stop

fae save particular groups
Ituis is the best we can

hope for due to them

GAP demo

If you define t newGroupCpiof
r Relations A

g c ftr

p b g 1 even if they
are repled
ly same string

Sometimes GAP can recognize that
the size of G is infinite

or was aleelicin
T
take the alselianization

GAP was not able to recognize
order of element



lo3transformingpresentations

Begin w f g group or XLR

Q what kind of things can we do
with presentation so we dont change
the underlying group

Addicts
if they follow from others

In E 1

if they are redundant

Adelgeneratenceirelator
of a word appears frequently as
a subs word might be practicalto add a generator Xand a selector x W I

9
where X G W

EX G a b l as ab ba b cab 6 abs

a3 c

a b Cl Aa aCbc 2b Cab6 abs ca 3

ca 3 a AZ ca l

Saeb class alba b CabJG abs ca 3 7

to
Nabb

a to Iaa alba b cab 6 abs a 27
so

blb2 26 274



ThmCTietzeX

Given two finite presentations of the
sauce group

one can be obtained

from the other by a
seq of

Tietze

transformation

GAP demo

Tz Print f n's

Add Generator Add Relator
Remove Relator

FASTER Tz Substitute p a b

Tadd new gen
Cab to pines

and substitute it.in

EVEN FASTER T2 GroCp

Tdoes Tietze transfer
on its own to make
presentation shorter

simplifying presentation makes computation faster



this leads to

Efficieutpresentations
G XLR

S Cx IR 1 1 IRI deficiency
of presentation

ex Clues 8 1 1 0

ex Lfrom Tietze

original 8 2 4 z

after Tietze S l l O

We can always add relatacs
that

fallow from others

can always decrease the

deficiency

Q what is the largest possible 8

Deficiency of Er max S
8C XI R

G E CXIR

Thin A group w 870 is infinite
lie all finite groups have f O

The
when f Cor 7 2 then Gr has
a subgroup H af finite index
with

H 3 Fa



NOIE G fin pres
fCG s

Since SCG E DCI
smallest A of generators

A better bonnet

Three a finite
ICED E rank H CG K

f we have
Fquaeity

we

ssaymat.rufuttiphei

Gr is efficient


