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Setup Of the Problem
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Goal

Goal

Q(F,) can be embedded in a division ring D. Create an algorithm
to do addition, multiplication and inversion in D.
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Setup Of the Problem
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Definitions

Definitions

Group Ring: Let K be a field, and G a multiplicative group, finite

or infinite. Then the group ring K[G] is the set of formal linear
combinations of the form

D keg, kg €K
geaqG

with finite support. Addition and multiplication are defined in the
natural way as follows:

Z keg + Z lg = Z(kg +lg)g

geiG geG geG
D kg | - (Z /hh> = > (kgl)gh
geiG heG g,heG
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Setup Of the Problem
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Definitions

Definitions

Division Ring: Is a nonzero ring in which every nonzero element
has a multiplicative inverse.
N.B. Group rings are never division rings!

If the group is of finite order, it has zero divisors. If the group is not of finite
order, then the inverse of (14 g)is1—g+g>—....
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Setup Of the Problem
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Definitions

Embedding Theorem

Let K[G] be the group ring of the ordered group G, and let D be
the set of all formal sums dec kqgg with well-ordered support.
Then, with the natural addition and multiplication, D is a
K-division algebra containing K[G].

[Pasl1]
ex:
(1+g) ' =1-g+g —...,
Here, we are interested in K = Q, G = F, = (x,y).
Computation in this completion D D Q[F,] is equivalent to

computing L? invariants of certain nonpositively curved HNN
extensions of a free group.

[BDHM15]
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The Problem

Problem

How do we make an algorithm that adds, multiplies and inverts
infinite sums?
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The Problem
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Key Insights

Insight 1

D is obtained by extending Q[F2] to include inverses, where each
element of Q[F;] is a finite sum. Our hope is that we can encode
the inverse of a finite sum with a “finite amount of data”.
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The Problem
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Key Insights

Insight 1
Restrictiong our problem to doing arithmetic on elements in
D with support in the set of positive words T

We say that A € D has a finite amount of data A=} _;a.«
satisfies the recursive relation on its coefficients

Aogn = Z r(m, T)aar, m e J.
Tel

where [ is the determining set of the recursive relation, J the set of
children of / not in I, and r(m, ) are the coefficients. [Zam15]
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The Problem
[e]e] lele]e]

Key Insights

Intuition

Think of 1/3 = 0.33333--- = 0.3.
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The Problem
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Key Insights

Rephrase Problem

» Find a minimal representation of elements in D with support
inT.

» Do +, x,~! with such elements.
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The Problem
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Key Insights

Key Insights 2

A has a finite amount of data if and only if V4 :={0,A: € T}
if finite dimensional, and

» A basis for V4 corresponds to a minimal / for A.
> O A=) r(m, 1)0-A.
O4A = T dayCr.

[Zam15], [FV92]
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The Problem
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Key Insights

Given an element C, if we find a basis of V¢, and solve for the
recurrence coefficients, r(m, 7) we win!
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Algorithm
Let C=A+B, A B,Ce D. Weinput the finite determining
set and recurrence coefficients of A, B, and expect the determining
set and recurrence coefficients of C as an output.
1. Then Ve C V4 + V. Write 9,C = 0,A+ 0B € Va+ V3,
the indirect sum of the vector spaces generated by A and B.
Add vectors 0, C in the table, with & € T in level-order until
we get an entire level of the tree T being linearly dependent.
That set of a forms a determining set I for C.
* A O0A O0,A 0B 0O,B
01C |1 0 0 1 0
0xC | 0 1 0 2 0.5
0,C |0 0 1 0 1
» Allows us to get a spanning set for V.
» Problem: V4N Vg # (.

Hang Lu Su McGill

Calculating infinite sums of Group Ring Elements



Algorithm

2. Realize each 9,C as an endomorphism 0, : V¢ — V. 8a|vc
is entirely defined by its action on the set {9,C : 7 € I}.
I" C I is the maximal complete subtree rooted at 1 with
{aa\vc € End(Vc¢) : a € T} linearly independent.

1 0 0
0 1 0
R
0 05 1
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Algorithm
3. Recover the r(m, 7) coefficients of C. using
[CU]I,JET Cr = (Crn)rels Cq = aq + by and
Cor = Z r(m, 7)car, T e J.
TEl

4. Find a maximally linearly independent set of {0,C : a € T},
where the 0, C are written with respect to spanning set of V¢

{0;C:7el}
¥ [0,C 0.C 9,C 0uC
01C |1 0 0 0
0xkC |0 1 0 0
5,0 0 1 0

5. Repeat step 3.
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Solution

Output

We have calculated the determining set for C and its recurrence
coefficients, so we are done!
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Solution

The End
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